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Abstract 

On [3] p. 199] one says "We mention parenthetically that the proof 
of [99, Lemma 41.3] is incorrect, and we do not know whether it, [99, 
Theorem 41.5] and [99, Theorem 41.6] are true". The previously cited 
reference [99] is our reference [2|. The aim of this short note is to provide 
a result that improves upon [2] Lemma 41. 3]. 

Recall that in the context of a Banach space X with dual X* and coupling 

c(x,x*) = {x,x*) = x*(x), (x,x*) G X x X*: 

• ifis(x, x*) = sup{(x — s, s*) + (s, x*) I (s, s*)}, (x, x*) G X x X* stands for 
the Fitzpatrick function of S C X x X* , 

• z = (x,x*) is monotonically related to (m.r.t. for short) S comes to 
z e [tps < c] := {w e X x X* I (ps(w) < c(w)}, 

• A is of type (FPV) if for every open convex V C X with V n D(A) ^ if 
z = (x,x*) is monotonically related to (m.r.t. for short) A\v and x G V 
then z e i or equivalently if z = (x,ar*) ^ .4 and x E V then there 
is (a, a*) G A|y such that (x — a,x* — a*) < 0. Here Graph^ls) = 
Graph(A) n S x X*, S C X (see e.g. H p. 268], Def. 36.7]). In 
other words A is of type (FPV) if, for every open convex V C X with 

V ("1 D(A) ^ 0, A\v is maximal monotone in 7 x I*, 

• x G cen£)(A) means the segment [x,y] := {te + (1 — t)y < i < 1} G 
D(A), for every y G D(A). 

Let us introduce a new class of operators: 

• A is called of type weak- (FPV) if for every open convex V C X with 

V n D(A) ^ if z — (x,x*) is monotonically related to A\v and x G V 
then x G D(A) or equivalently for every z = (x, x*) G V\D(A) x X* there 
is (a, a*) G A|y such that (x — a, x* — a*) < 0. In other words A is of type 
weak- (FPV) if for every open convex V C X with V (1 D(A) ^ 0, A\ v 
cannot be extended, as a monotone operator in V x X*, outside D{A)C\V . 

Theorem 1 Let X be a Banach space, C G X closed convex, and A : X X* 
be maximal monotone and of type weak- (FPV) with cen D(A) n int C ^ 0. Then 
A + Nc is maximal monotone. 
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Proof. Without loss of generality we may assume that G cenD(A) n intC, 
G AO, and for some r > 0, rC7 C intC, where 17 denotes the unit open ball 
in A. Since A + Nc is representable (see 0, Cor. 5.6]) it remains to prove that 
A + Nc is NI (see [5j Remark. 3.5]). Assume by contradiction that A + Nc is not 
NI, that is, there is z = (x,x*) G [y)^ + jvc < c] := {w G A x A* \ <pa +Nc (w) < 
c(w)}. Since for every y G C, Nc{y) is a cone, note that 
z = (x, x*) is m.r.t. A + N c 

z is m.r.t. A\ c and (x - a, x*) < 0, a € DC, x* G N c {a). (1) 

Therefore z is m.r.t. ^4|c and 

(x-a,x*) < 0, a G D(A)nC, x* G N c (a). (2) 

Assume that x G D{A). Since z G [^+jv c < c] we know that x £ C (see [U 
Prop. 2.1 (d)]). Therefore, there is fj, G (0, 1) such that /ix G nFr C (recall 

that G cen/J(A) n intC). Take x* G N c (nx), such that (/xx - y,x*) > 0, for 
every y G intC; whence (x,x*) > 0, because G intC and n > 0. From {2} 
applied for a = fix and since /Lt < 1 one gets the contradiction (x, x*) < 0. 

Therefore x g D(A). For n > 1, let F n := [0, x] + ±U. Notice that V n is 
open convex, V n PI (A) 7^ 0, and x G V^, n > 1. Since A is weak-(FPV), for 
every n > 1, there is z n = (a„, a* ) G A such that a n £ V n and c(z — z„) < 0. 
This implies that a n E D{A) \ C, because z is m.r.t. A\c- Hence there is 
t n G (0, 1) such that x n = t n a n £ FrC D D(A), since G ccn_D(A) n intC. 
Let x* G Nc(x n ), ||x* || = 1, n > 1. Because x n £ V n there is A„ G [0, 1] such 
that \\x n — X n x\\ < n > 1. On a subnet, denoted by the same index for 
simplicity, we may assume that A„ — > A G [0, 1], x„ — > Ax G FrC, strongly in 
X, x* — » x* G Ac'(Ax), weakly-star in A* as n — > 00. Note that A > because 
Ax G Fr C and G int C. 

By the monotonicity of Nc for G Nc(ru), \\u\\ < 1, we get (x„ — ru,x*) > 
or (x„,x*) > r, n > 1. Let n — > 00 to find (x,x*) > r/A > 0. From ([2]) we have 
(x — x„, x* ) < 0, and after we pass to limit, we get (1 — A)(x, x*) < 0, A = 1, 
and so x G Fr C. 

Consider f(t) = {ipA+N c ~ c )(^ z )) t G R; / is continuous on its domain (an 
interval) with /(0) = and /(l) < 0. Therefore there is < t < 1 such that 
fit) < 0. This implies that tz is m.r.t A + Ac (in particular, according to ((J), 
tz is m.r.t. A\c) with ix G int C, so tx G -D(-A), since A is weak-(FPV). From 
ix G D{A) n C we get the contradiction f(tz) > 0, that is, tfiA+Nc i^ z ) — c {t z ) 
(see again [5l Prop. 2.1 (d)]). 

This contradiction occurred due to the consideration of the assumption that 
A + Nc is not NI. Hence A + Nc is NI and consequently maximal monotone 
(see Th. 3.4]). ■ 

Therefore O Lemma 41.3] and its consequence O Th. 41.5] are true. We 
mention also that a multi- valued version of [21 Th. 41.6] has been proved in pQ. 
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